We show the global regularity estimates for the following parabolic polyharmonic equation
Introduction
Regularity theory in PDE plays an important role in the development of second-order elliptic and parabolic equations. Classical regularity estimates for elliptic and parabolic equations consist of Schauder estimates, L p estimates, De Giorgi-Nash estimates, KrylovSafonov estimates, and so on. L p and Schauder estimates, which play important roles in the theory of partial differential equations, are two fundamental estimates for elliptic and parabolic equations and the basis for the existence, uniqueness, and regularity of solutions.
The objective of this paper is to investigate the generalization of L p estimates, that is, regularity estimates in Orlicz spaces, for the following parabolic polyharmonic problems:
and m is a positive integer. Since the 1960s, the need to use wider spaces of functions than Sobolev spaces arose out of various practical problems. Orlicz spaces have been studied as the generalization of Sobolev spaces since they were introduced by Orlicz 1 see 2-6 . The theory of Orlicz spaces plays a crucial role in many fields of mathematics see 7 .
Boundary Value Problems
We denote the distance in R n 1 as
and the cylinders in R n 1 as
where 
where φ ∈ Δ 2 ∩ ∇ 2 see Definition 1.2 and Ω is an open bounded domain in R n . When φ x |x| p/2 with p > 2, 1.6 is reduced to the local L p estimates. In fact, we can replace 2 of φ | · | 2 in 1.6 by the power of p 1 for any p 1 > 1. Our purpose in this paper is to extend local regularity estimate 1.3 in 6 to global regularity estimates, assuming that φ ∈ Δ 2 ∩ ∇ 2 . Moreover, we will also show that the Δ 2 ∩ ∇ 2 condition is necessary for the simplest heat equation u t − Δu f in R n × 0, ∞ . In particular, we are interested in the estimate like
where C is a constant independent from u and f. 
Now let us state the main results of this work.
Theorem 1.8. Assume that φ is a Young function and u satisfies
u t x, t − Δu x, t f x, t in R n × 0, ∞ , u x, 0 0 in R n .
1.16
Then if the following inequality holds
One has φ ∈ Δ 2 ∩ ∇ 2 .
1.18
Theorem 1.9. Assume that φ ∈ Δ 2 ∩∇ 2 . If u is the solution of
Remark 1.10. We would like to point out that the Δ 2 condition is necessary. In fact, if the local L φ estimate 1.6 m 1 is true, then by choosing
we have 
Therefore the problem 1.16 has the solution
It follows from 1.17 , 2.1 , and 2.2 that
We know from 2.3 that
Then when z ∈ D, t > s and y ∈ B 2 , we have
Therefore, since |x − y| ≤ |x| |y| ≤ 2|x| for z ∈ D and y ∈ B 2 , we conclude that
2.9
Recalling estimate 2.4 we find that
which implies that
By changing variable we conclude that, for any ρ > 0,
where α C 2 4 −n n −n/2 . Let ρ 2 ≥ ρ 1 and 0 < ε ≤ α/2. Then we conclude from 2.12 that
2.13
Now we use 2.12 and 2.13 to obtain that 
Proof of the Main Result
In this section, we will finish the proof of the main result, Theorem 1.9. Just as 6 , we will use the following two lemmas. The first lemma is the following integral inequality. 
Moreover, we give one important lemma, which is motivated by the iteration-covering procedure in 12 . To start with, let u be a solution of 1.1 -1.2 . Let
In fact, in the subsequent proof we can choose any constant p with 1 < p < α 2 . Now we write
while ∈ 0, 1 is a small enough constant which will be determined later. Set
